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Abstract

Dengue disease has been known for decades as a vector-borne disease which is rapidly spreading in many
tropical and subtropical countries. The disease is transmitted mostly by female Aedes aegypty mosquitoes.
Although detailed biological properties of the infection process are already known, in the field applications
the disease transmission of dengue is still far from being successfully controlled. The complexity surrounding
the transmission is contributed by various factors such as climate, mobility and human-mosquito behavior. Many
deterministic models have been developed to investigate the spread of dengue. However, in a deterministic
model, spatial heterogeneity factor is not considered. In fact, distances between people and mosquitoes greatly
influence the spread of dengue. This paper discusses a microscopic model of the spread of dengue based
on spatial heterogeneity. In this microscopic model, every human and mosquito is regarded as a particle and
the corresponding human and mosquito populations with their health status are considered as a system of
particles. Three important dynamical factors and processes are constructed for each particle, i.e., position and
health status of each particle, natural birth and death, infection and transition processes. An estimate of the
corresponding basic reproductive ratio is introduced to accommodate the variation of health status and spatial
spread of particles
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1. INTRODUCTION

Dengue disease has been a global threat and rapidly spreading in tropical and subtropical countries for
several decades and becomes a huge burden for the government in affecting countries. Various programs are
recommended by WHO [18] to combat the disease with the focus mainly on prevention and control. Recent
large outbreaks in several countries indicate that the control programs are still far from successful. The
complexity of the transmission is related to the occurrence of secondary infection by the different strain of
virus DEN-1, DEN-2, DEN-3, and DEN-4 which are identified in the phenomena of cross-reactive antibodies.
This phenomenon is known as the antibody-dependent enhancement (ADE) which is considered as the main
risk factor for DHF and DSS [6]. With all complicated factors affecting the infection process, mathematical
modelers are forced to focus mostly on specific cases to allow the selection of proper assumptions to fit the
reality in the fields.

Transmission models for diseases in the deterministic setting are in general constructed in a homogeneous
and macroscopic environment in which each individual has the same chance to have contact with or get
contact from other individuals, while disregarding the position and degree of infection of the individuals. In
this construction, the basic reproductive ratio representing the endemic threshold of the disease transmission
may be obtained [4]. In the case of dengue, several models have been developed, for example in [5], [16].
In these models, under the homogeneity assumption, the biological parameters such as biting rate, natural
death rate, and recovery rate are usually known and are obtained as the average rates from the corresponding
uniform distributions. On the other hand, the infection rate which comes from the successful contact between
susceptible human with infected mosquito and between susceptible mosquito with an infected human is
unobservable and is not known. In the field application, estimation of the infection rate may be obtained via
graph fitting techniques for given daily incidence data (see for example in [7]).
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2. DETERMINISTIC MODEL OF DENGUE TRANSMISSION

A deterministic model for dengue transmission in its simplest form was first formulated in a Susceptible-
Infectious-Recovered-Susceptible-Infectious (SIR-SI) dynamical system representing the interaction of three
human compartments (SIR) and two mosquito compartments (SI) [1], [5]. In this model, the human status
of infection is characterized by three states (SIR) and the corresponding mosquito status by two states (SI).
Within each compartment, the health status of an individual is considered as uniform. For such discrete
state systems, the basic reproductive ratio (see for example the definition in [4], [17], [9]) may be obtained
analytically. The status of infection may be refined, for example, by introducing an expose compartment E
(incubation state) as an additional transition regime before entering the infectious compartment I [13], [16].

We begin by recalling a deterministic model for dengue transmission [5], [13] with additional mosquito
intervention. Let Sh(t), Eh(t), Ih(t) and Rh(t) be the number of susceptible, exposed, infectious and
recovered individuals of host at time t, respectively. Further, let Sv(t), Ev(t) and Iv(t) be the number
of susceptible, exposed and infectious vectors at time t, respectively. The total population size of host
and vector are kept constant in time and are given by Nh(t) = Sh(t) + Eh(t) + Ih(t) + Rh(t) and
Nv(t) = Sv(t) + Ev(t) + Iv(t), respectively. The deterministic model is then formulated as follows:

Ṡh(t) = Ah − µhSh(t)− βhShIv
Nh

,

Ėh(t) =
βhShIv
Nh

− ϕhEh − µhEh,

İh(t) = ϕhEh − γhIh − µhIh,
Ṙh(t) = γhIh − µhRh,

Ṡv(t) = Av −
βvSvIh
Nh

− µvSv − θvSv,

Ėv(t) =
βvSvIh
Nh

− ϕvEv − µvEv − θvEv,

İv(t) = ϕvEv − µvIv − θvIv.

(1)

The parameters Ah and Av represent recruitment rates of host and vector population, whereas the parameters
µh and µv represent the rates of natural death of host and vector, respectively. The parameters ϕh, γh and ϕv
are the transition rates related to the infection process (incubation and recovery). The parameters βh and βv
are considered as unobservable parameters, which in reality could depend on various non-biological factors
such as variations in position. The control parameter θv represents the death rate of mosquitoes due to fogging.
Host and vector populations in this model are kept constant with Nh = Ah/µh and Nv = Av/(µv + θv).
In this particular case, the basic reproduction number which is derived from the spectral radius of the next
generation matrix has the form

R0 =

(
ρβvβhϕvϕh

(µv + θv)(γh + µh)(ϕh + µh)(θv + µv + ϕv)

) 1
4

, (2)

where ρ is the ratio between mosquito and human population. This is the main biological endemic indicator
measuring the number of secondary infections which are generated from a single infectious individual in a
fully susceptible environment during the respective infection periods (see the definition in [4], [17]). With no
mosquito intervention (θv = 0), the basic reproductive ratio (2) reduces to the same formulation in ([13]).
Further reduction, with no exposed compartments, we have the standard form of R0 in [5] in the form

R0 = (
ρβhβv

µv(µh + γh)
)1/2. (3)

A simple biological interpretation of the threshold number (3) can be viewed as follows. An infected human
gets ρβv successful mosquito bites during the human infection period 1

µh+γh
, and then each infected mosquito

successfully infects βh humans during the mosquito infection period a
µv

. The square root operator represents
the geometric mean of the two infectious processes (see similar interpretation in[10]). It is known that if
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R0 < 1 the disease free equilibrium is stable, and is becoming unstable when R0 > 1, along with the
appearance of a stable endemic state. This later statement can be shown analytically for low dimensional
dynamics (see for example in [5], [11], [20]). Figure 1 depicts the level set of R0 in (2) with respect to the
parameters θv and p = βhβv , and indicates that variations in the nonlinear term βhβv significantly affects
the basic reproductive ratio.

Fig. 1: Level set of R0

3. PARTICLE (MICROSCOPIC) MODEL

Construction of particle system dynamic for disease transmission is important to view the dynamic at the
micro level since the infection process occurs and varies at the micro level. The dynamic is then represented
as interacting particles in which micro behavior of the disease transmission can be accommodated. Several
applications of particle dynamics have been done in the form of agent-based models. The flexibility of the
model is mainly facilitated with the ability to accommodate detail geographical information system [21]
and to simulate the variety of complex system in biology, transportation, and network [15], socio-economic
and many others [2]. This approach is very well adapted to various disease transmission problems (see for
example in [12]) involving a large number of particles and consequently with a huge computational burden.

3.1. System of Particle of disease transmission
Simulation of disease transmission with agent-based simulator platform has been done, see for example

in [8], [19]. In this system, individual-based activities in space and time incorporating infection process are
constructed and simulated. In most simulations, input data is limited for estimating the involving parameters.
Here in particle model, an analytical construction of the model is shown, in which each individual in the
population is treated as a particle with a fixed position in the domain Ω ⊂ R2, for which every particle has
a unique health status at any time t ≥ 0. This model is developed from the SIR particle model in [14], [3].
In the case of dengue, we consider two interacting populations, the human population as host and mosquito
population as the vector.

We define the domain of the health state for the human population to be Ih = [−1, 1], which is composed
of the susceptible state Ih1 = [−1, sh1 ), the exposed state Ih2 = [sh1 , s

h
2 ), the infectious state Ih3 = [sh2 , s

h
3 ),

and the recovered state Ih4 = [sh3 , 1] (see Figure 2).
Similarly, we define the domain of the health state for the mosquito population to be Iv = [−1, 1], which

is composed of the susceptible state Iv1 = [−1, sv1), the exposed state Iv2 = [sv1, s
v
2), and the infectious state

Iv3 = [sv2, 1] (see Figure 3).
Let hti ∈ Ih and vtj ∈ Iv be the health status of the i-th human and the health status of the j-th mosquito

at time t ≥ 0, respectively. In this model, the following assumptions hold:
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Fig. 2: Interval of human health status compartments

Fig. 3: Interval of mosquito health status compartments

1) Susceptible humans (mosquitoes) in Ih1 (Iv1 ) with no chance of contact with infectious mosquitoes
(humans) will remain in Ih1 (Iv1 ) for the rest their life.

2) Infected humans (mosquitoes) in Ih2 ∪Ih3 ∪Ih4 (Iv2 ∪Iv3 ) will increase their status as they undergo the
incubation, infectious and recovery processes. In this status, contact with other individuals will have
no additional effect.

We denote the position of the i-th human and the j-th mosquito at time t ≥ 0 by xti and ytj , respectively,
where xti and ytj ∈ Ω ⊂ R2. Let N t

h and N t
v be human and mosquito population at time t ≥ 0, respectively.

Therefore, the interacting particle system may be written as ℵt =
{

(hti, x
t
i) | i ∈ N t

h

}
×
{

(vtj , y
t
j) | j ∈ N t

v

}
,

where by an abuse of notation, i ∈ N t
h means i ∈ {1, . . . , N t

h}.

3.2. Particle Model of Dengue Fever (SEIR-SEI)
In this microscopic model, we consider the dynamics of ℵt, in which no mobility takes place. In other

words, the position of each particle remains fixed for all times t ≥ 0. At an initial time, we distribute
the particles randomly in the domain Ω ⊂ R2. We emphasize that distance between human and mosquito
determines the chance of interaction. To simplify notation, we set

dij = ‖xi − yj‖, i ∈ N t
h, j ∈ N t

v.

In the following, we construct the potential functions which describe the transmission processes. For a
single particle dynamics, we define the infection potential functions for human and mosquito as follow

dhti = H(hti)dt, dvtj = V(hti)dt,

where H,V : [−1, 1]→ [0, 1] with the boundary conditions
1) H(hi) = 0, if hi ∈ [−1, sh1 ) ∪ {1}
2) H(hi) > 0, if hi ∈ [sh1 , 1), with

a)
∫ sh2
sh1

dh
H(h) = 1

ϕh
,

b)
∫ sh3
sh2

dh
H(h) = 1

γh
,

for a human, and
1) V(vi) = 0, if vi ∈ [−1, sv1) ∪ {1},
2) V(vi) > 0, if vi ∈ [sv2, 1], with

∫ sv2
sv1

dv
V(v) = 1

ϕv

for a mosquito. An example of H and V may be seen in Figure 4 and possible dynamics for a single particle
are depicted in Figure 5 for different initial states.

Next, we define the interaction potential that describes the changes in the health status due to contact
between a susceptible human and infected mosquitoes, and between a susceptible mosquito with infected
humans. The potential should depend on the distance dij , and the health status of the particles involved in
the interaction. By construction, heterogeneity factors, which occur in reality, may be accommodated in the
model. In comparison, spatial uniformity is always assumed in the deterministic model.
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Fig. 4: Example of human and vector potential functions H and V .

Fig. 5: The changes of health status of single particle

The interaction potential function for a human is given by

K : Ih × Iv × [0,∞)→ [0, 1]; K(hi, vj , dij) = ξ(hi)η(vj)λ(dij),

where the functions ξ, η and λ are defined as follows:
1) ξ : Ih → [0, 1] represents the probability per unit time that a human with a susceptibility level h may

be infected by an infectious mosquito, and satisfies
a) ξ(h) > 0 for h ∈ [−1, sh1 ),
b) ξ(h) = 0 for h ∈ [sh2 , 1].

2) η : Iv → [0, 1] represents the probability per unit time that an infectious mosquito with the infectivity
level v may infect a susceptible human, and satisfies

a) η(v) = 0 for v ∈ [−1, sv2),
b) η(v) > 0 for v ∈ [sv2, 1].

3) λ : [0, dmax] → [0, 1] measures the probability of successful transmission. This parameter, which de-
pends on the distance dij of an interacting human and mosquito at the positions xi and yj respectively,
is further assumed to be a monotonically decreasing function.

For our simulation, we select ξ, η and λ as given in Table II (see Figures 6, 7).
In Figure 7, d0 denotes the maximum distance between human and mosquito where biting takes place.

From the discussion above, the interacting dynamics of the health status for the human population is now
formulated as

dhti = H(hti)dt+
1

N t
v

Nt
v∑

j=1

K(hi, vj , dij)dt, (4)

where K(hi, vj , dij) = ξ(hi)η(vj)λ(dij).
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Fig. 6: Example of ξ passive infected function and η active infected function

Fig. 7: Example of distance function, λ(d) = max{0, 1− d/d0}

Similarly, the interaction potential function for mosquitoes is given by

L : Ih × Iv × [0,∞)→ [0, 1]; L(vi, hj , dji) = ζ(vi)ψ(hj)λ(dji),

where
1) ζ : Iv → [0, 1] represents the probability per unit time that a mosquito with a susceptibility level v

may be infected by an infectious human, and satisfies
a) ζ(v) > 0 for v ∈ [−1, sv1),
b) ζ(v) = 0 for v ∈ [sv1, 1],

2) ψ : Ih → [0, 1] represents the probability per unit time that an infectious human with the infectivity
level h may infect a susceptible mosquito, and satisfies

a) ψ(h) = 0 for h ∈ [−1, sh2 ) ∪ [s3, 1],
b) ψ(h) > 0 for h ∈ [sh2 , s

h
3 ).

3) λ = λ(dji) is a distance interaction function as in the case of humans.
For our simulation, we select ζ and ψ as given in Table II (see Figures 8).
Therefore, we describe the change of health status for the mosquito population by

dvti = V(vti)dt+
1

N t
h

Nt
h∑

j=1

L(vi, hj , dji)dt. (5)

Finally, we define the dynamic of human and mosquito populations, allowing the occurrence of natural
birth and death, and mosquito control in the form of fumigation. The increase of human (mosquito) population
is assumed only due to natural birth. The production B(z) of individual z per unit time is defined as

B(z) =

{
1, for r ≤ p(z);
0, for r > p(z),

(6)
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Fig. 8: Example of ζ passive infected function and ψ active infected function

where r is random number in the interval [0, 1] and

p(z) =

{
Ah

Nt
h
, for z = hti;

Av

Nt
v
, for z = vti ,

(7)

with parameters Ah and Av as given in Section 2. The reduction in the human (mosquito) population is
assumed to be due to natural death. We define the removal D(z) due to natural death of individual z per
unit time as

D(z) =

{
1, for r ≤ q(z);
0, for r > q(z),

(8)

where r is random number in interval [0,1] and

q(z) =

{
µh, for z = hti;

µv, for z = vti .
(9)

with parameters µh and µv as given in Section 2. Intervention in the number of mosquitoes is also caused
by fumigation control. For that we define the removal of mosquito F (vti) per unit time as

F (vti) =

{
1, for r ≤ θv
0, for r > θv.

(10)

To summarize, the dynamics of the human and mosquito population is described by

dN t
h =

Nt
h∑

i=1

B(hi)−
Nt

h∑
i=1

D(hi) (11)

dN t
v =

Nt
v∑

i=1

B(vi)−
Nt

v∑
i=1

D(vi)−
Nt

v∑
i=1

F (vi), (12)

where B(hi) represents the number of new born from the i-th human, which depends on the recruitment rate
of humans Ah; D(hi) represents probability of death of the i-th human and depends on µh. B(vj) represents
the number of new born from the j-th mosquito, which depends on the recruitment rate of mosquitoes Av;
D(vj) and F (vj) represent the probability of natural death and due to intervention of the j-th mosquito,
respectively.
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3.3. Estimation of macroscopic Parameters
In this section we construct an estimation of the most important parameter in disease transmission for

heterogeneous populations, i.e., the infection rates at the macroscopic level due to contact between susceptible
and infected individuals. A susceptible human (mosquito) can only be infected by infected mosquitoes
(humans) within an admissible radius to allow the occurrence of interaction. New infection takes place
between susceptible human with the status hi, −1 < hi < sh1 and infected mosquito with the status vj ,
sv2 < vj < 1. We denote by BTh the product of per-unit-time average human susceptible status, average
mosquito infectious status and average distance between the human and mosquito population (computed at
the end of simulation period T ), and is defined as

BTh =

(
1

sh1 + 1

∫ sh1

−1
ξ(h)dh

)(
1

1− sv2

∫ 1

sv2

η(v)dv

)
CT , (13)

where the average contact CT is defined as

CT =
1

NT
h N

T
v

NT
h∑

i=1

NT
v∑

j=1

λ(dij).

Similarly, we denote by BTv the product of per-unit-time average vector susceptible status, average human
infectious status and average distance between human and vector (computed at the end of simulation period
T ) and is defined as

BTv =

(
1

sv1 + 1

∫ sv1

−1
ζ(v)dv

)(
1

sh3 − sh2

∫ sh3

sh2

ψ(h)dh

)
CT . (14)

We have now the estimate of the infection rates at the macro level related to deterministic model given in
system (1),

βh
NT
h

≈ E(BTh ),
βv
NT
v

≈ E(BTv ).

4. NUMERICAL SIMULATIONS

The parameter values for the numerical simulation of the deterministic model (1) and stochastic particle
system are given in Table I. We use the baseline value of θv = 1

30 for the fogging-related death rate. The
functions used for the numerical simulation of the particle model are given in Table II.

TABLE I: Model parameters related to dengue transmission.

Description Parameter Values
Host recruitment rate Ah 200µh

Host death rate µh 1/(365 · 65)
Host infection rate βh BT

h
Host latent period 1/ϕh 7
Host recovery rate γh 1/14
Vector recruitment rate Av 100(µv + θv)
Vector natural death rate µv 1/30

Vector infection rate βv BT
v

Vector latent period 1/ϕv 5
Fogging-related death rate θv 0− 1/30

The following numerical simulations are conducted for a period of 120 days, by varying the fumigation
parameters θv listed in Table I. The proportion of infected areas with 5% infected humans and mosquitoes
at the initial condition are shown in Table III. A comparison between estimated macroscopic dynamics and
the average of five stochastic simulations for humans and mosquitoes are shown in Figures 9–14, with circle
(◦) and triangle (4) respectively. In these simulations, humans and mosquitoes are uniformly distributed
within the domain in Figure 9, 13, and randomly distributed in Figures 10–12, 14–16. Variation in the initial
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TABLE II: Particle model functions related to dengue transmission.

Description Function

Human potential function H(h)=

{
ah(2h+ 1)(h− 1), for h ∈ (h∗

e , 1);

0, for h = 1 or h ∈ [−1, h∗
e ].

with ah = 0.1466249977∗

Passive function (susceptible human) ξ(h)=

−
(h+1)(h−2h∗

e−1)

(h∗
e)2

, for h ∈ [−1, h∗
e);

0, for h ∈ [h∗
e , 1].

Active function (infectious mosquito) η(v)=

−
(v−vi∗)(v−2+v∗

i )

(1−v∗
i
)

, for v ∈ [v∗i , 1];

0, for v ∈ [−1, v∗i ).

Vector potential function V(v) =

{
av(2v + 1)(v − 1), for v ∈ (h∗

e , 1);

0, for v = 1 or v ∈ [−1, v∗e ].
with av = 0.1642199974

Passive function (susceptible mosquito) ζ(v) =

−
(v+1)(v−2v∗

e−1)

(v∗
e )2

, for v ∈ [−1, v∗e );

0, for v ∈ [v∗e , 1].

Active function (infectious human) ψ(h) =

−
4(h−h∗

i )(h−h∗
r )

(h∗
r−h∗

i
)2

, for h ∈ [h∗
i , h

∗
e);

0, otherwise.
Distance interaction function λ(d) = max(0, 1− d/d0), d0 = 20

*we calculate ah from integral of H(h).

distribution of infected humans and mosquitoes does not give significant effect to the macroscopic transmission
behavior (Figures 9–16). This shows that the macroscopic dynamics does not significantly depend on the
initial positions of infected individuals. In the next simulations, density of humans and mosquitoes are shown
to give significant effect to the macroscopic behavior of the transmission.

TABLE III: Simulation data

Simulation scenario θv Early-infected areas Estimated R0

1.a 0 100% (uniform) 1.9318
1.b 0 100% 1.8035
1.c 0 44.5% 1.8111
1.d 0 11.1% 2.1744
2.a 1/30 100% (uniform) 1.2459
2.b 1/30 100% 1.2179
2.c 1/30 44.5% 1.3162
2.d 1/30 11.1% 1.4559

TABLE IV: Simulation data

θv Nha Nhb Nva Nvb R0a R0b R0

150 150 50 50 2.485194 2.485194 3.514595
150 150 100 50 3.514595 2.485194 4.304482

1
3 150 150 200 50 4.970388 2.485194 5.557062

150 150 225 50 5.271892 2.485194 5.828296
150 150 250 50 5.557062 2.485194 6.087457

The distribution of humans and mosquitoes, as well as the distance function λ(dij) = max{0, 1− dij/d0}
are critical in the estimation of the infection rate. The parameter d0 is the maximum distance in which
successful contact between a human and a mosquito may occur. As d0 increases, the chance for successful
contact also increases. Sensitivity analysis with varying the intensity parameter d0 is shown in Figures 17.
This analysis simulates a dengue transmission within two adjacent clusters with the same number of human
population (Nha = Nhb at t = 0) (see Table IV). As the mosquitoes in cluster-a increases, the ratio between
mosquito and human population in cluster-a becomes more dominant than in cluster-b. We see that the basic
ratio in cluster-a approaches the global basic reproductive ratio (see Table IV). At the same time if the
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Fig. 9: Simulation of particle and ODE (dash) model scenario 1.a, θv = 0, estimate R0 = 1.9318, infected
host and vector distribute 100% uniformly.

Fig. 10: Simulation of particle and ODE (dash) model scenario 1.b, θv = 0, estimate R0 = 1.8035, infected
host and vector distribute 100% randomly.

Fig. 11: Simulation of particle and ODE (dash) model scenario 1.c, θv = 0, estimate R0 = 1.8111, infected
host and vector distribute 44.5% randomly.
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Fig. 12: Simulation of particle and ODE (dash) model scenario 1.d, θv = 0, estimate R0 = 2.1744, infected
host and vector distribute 11.1% randomly

Fig. 13: Simulation of particle and ODE (dash) model scenario 2.a, θv = 1
30 , estimate R0 = 1.2459, infected

host and vector distribute 100% uniformly.

Fig. 14: Simulation of particle and ODE (dash) model scenario 2.b, θv = 1
30 , estimate R0 = 1.2179, infected

host and vector distribute 100% randomly.
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Fig. 15: Simulation of particle and ODE (dash) model scenario 2.c, θv = 1
30 , estimate R0 = 1.3162, infected

host and vector distribute 44.5% randomly.

Fig. 16: Simulation of particle and ODE (dash) model scenario 2.d, θv = 1
30 , estimate R0 = 1.4559, infected

host and vector distribute 11.1% randomly.

Fig. 17: Position and status of particles in two population a and b
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Fig. 18: Simulation of particle and ODE (dash) model in two population a and b

Fig. 19: λ(d) (left) and the difference R0 −R0a (right) plotted against the ratio Nva/Nvb for several values
of d0

intensity parameter d0 decreases, the difference between the global R0 and local basic ratio R0a (R0−R0a)
decreases and tends to zero. This indicates that high domination of the ratio ρ between mosquito and human
population in one cluster is the main contribution to the global basic reproductive ratio.

5. CONCLUSION

A particle model for dengue transmission in a heterogeneous environment with natural birth and death
is constructed, in which the health status for each human and mosquito changes in time. The dynamics of
the “individual” status changes due to contact between human and mosquito, infection process, and recovery
process. In comparison to the deterministic model, disease transmission in humans as well as in mosquitoes
strongly depends on the distance between humans and mosquitoes involved in the interaction. Finally, the
rate of infection at the macroscopic level is constructed by averaging all possible successful contact between
humans and mosquitoes, thereby obtaining the basic reproductive ratio for a heterogeneous model.
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