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Abstract—One of the most popular techniques to solve elec-
tromagnetic problems numerically is using finite-difference time-
domain (FDTD) method. The method has been successfully
applied to an extremely wide variety of electromagnetic problems.
The essential reason resides in the fact that the FDTD method
itself is extremely simple even for analyzing in a three-dimensional
(3D) system. In this paper, the analysis of resonant frequency
for a rectangular waveguide which is loaded with anisotropic
dielectric material is numerically investigated based on 3D-FDTD
method. The wave equations and modes that appear in the
waveguide are analyzed theoretically in which the results are
applied to validate the numerical result obtained from 3D-FDTD
method. For comparison, an empty rectangular waveguide and
a rectangular waveguide fully loaded with isotropic dielectric
material are also analyzed both theoretically and numerically.
From the result, it shows that a good agreement has been achieved
between theoretical calculation and 3D-FDTD numerical results
with their discrepancies of 0.26–2.32%.
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I. I NTRODUCTION

Over the last decade, the analysis of electromagnetic wave
propagation inside of waveguide which is fully or partially
loaded with some dielectric materials has been the research
subject for many researchers involved in electromagnetic re-
search community [1]– [4]. Several numerical approximation
methods have been utilized to obtain the answer of elec-
tromagnetic problems in the structure as well as for others.
Some of the numerical methods solve the problem in time
domain [4]– [5], whilst the others analyze in frequency domain
[6]– [8]. In order to achieve more accurate results, although
it usually requires more time and computer resources for
solutions, all field effects should be included in full-wave
numerical methods. Therefore, an alternate approach by taking
a direct solution to Maxwell’s time-dependent curl equations
has been proposed to solve the electromagnetic problem of
the structure in the time-domain, namely finite-difference time-
domain (FDTD) method [9]– [10].

The idea taken in the FDTD method is to simplify in
discretizing Maxwells equations, both in space and time, with
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central difference approximations. The main point to utilize
this method is by applying Yee’s algorithm [11]. The original-
ity of Yee’s algorithm resides on the allocation of electric and
magnetic field components in space and the series in time for
the evolution of procedure. In the implementation, the space
that covers all the source or the scatterer should be firmly
determined to be divides into a number of small cell, called
as Yee’s cell. Then, the solution of electric and magnetic field
components for each cell is obtained by solving the Maxwell’s
equations with appropriate boundary conditions.

In this paper, a 3D-FDTD method is employed for analyz-
ing the resonant frequency of rectangular waveguide which
is loaded with anisotropic dielectric material. The FDTD
numerical analysis of resonant frequencies is carried out by de-
riving Maxwell’s equations for anisotropic dielectric material
inside of waveguide and applying proper boundary conditions
for the walls of rectangular waveguide. Here, the dielectric
material which has anisotropic permittivities is defined by
making a different relative permittivity for each direction in
3D Cartesian coordinate system [12]. To validate the numerical
result obtained from 3D-FDTD method, the calculation of
resonant frequency is also performed theoretically and its result
is presented consecutively.

II. B RIEF THEORY OFANISOTROPICDIELECTRIC
MATERIAL AND 3D-FDTD METHOD

For analyzing the resonant frequency of rectangular waveg-
uide loaded with anisotropic dielectric material illustrated
in Fig. 1, the permittivity and permeability of anisotropic
dielectric material are expressed in (1) [12].
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Fig. 1. Rectangular waveguide loaded with anisotropic dielectric material (×
is an observation point); fully loaded (left), partially loaded (right)
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[ǫ] = ǫ0

[

ǫx 0 0
0 ǫy 0
0 0 ǫz

]

, [µ] = µ0 (1)

whereǫx, ǫy andǫz are the relative permittivity in thex, y and
z directions, respectively. Whilst,ǫ0 and µ0 are permittivity
and permeability in free space, respectively. The field in the
dielectric material inside of rectangular waveguide is assumed
to propagate in the+z direction ase(jωt−jβz). By substituting
(1) into Maxwell’s equations given in (2)-(3) and solving them
with respect toHz for the TE wave mode, all other fields
inside of rectangular waveguide, i.e.Ex, Ey, Hx andHy, can
be obtained.

∇×E = −jωµ0H (2)

∇×H = jω[ǫ]E (3)

By applying proper boundary conditions for the walls of
rectangular waveguide with the width ofa, height of b and
length of d, the formulation of resonant frequency (f0) for
rectangular waveguide fully loaded with anisotropic dielectric
material is expressed in (4).

f0,nml =
c
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√
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where c is speed of light in free space andn, m, and l are
the number of field variations in thex, y and z directions,
respectively. For rectangular waveguide loaded with isotropic
dielectric material and empty or hollow rectangular waveguide,
the formulations of resonant frequency can be obtained by
replacingǫx and ǫy in (4) with ǫr and 1 as expressed in (5)
and (6), respectively.
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Since the above formulations , i.e. (4) and (5) are addressed
for rectangular waveguide fully loaded with dielectric material,
to calculate the resonant frequencies of rectangular waveguide
partially loaded with dielectric material, therefore, it can be
obtained by using (7).

f ′

0,nml =
f0,nml√

ǫeq
(7)

whereǫeq is defined as the equivalent relative permittivity of
dielectric material inside of rectangular waveguide expressed
in (8), ǫ1 is the relative permittivity of dielectric material,Vdm

andVrg are the volume of dielectric material and rectangular
waveguide, respectively.

ǫeq = 1 +
Vdm

Vrg

(ǫ1 − 1) (8)

The implementation of 3D-FDTD method in the analysis of
resonant frequency for rectangular waveguide fully or partially
loaded with anisotropic or anisotropic dielectric material is
carried out by discretizing, both in space and time domain,
each component of electric and magnetic fields in (2) and (3).
For the TE wave mode, the FDTD notation is expressed in (9)–
(10) and (11)–(13) for electric and magnetic fields component,
respectively [13]. By using the electric and magnetic fields
component placement as illustrated in Fig. 2, the explicit
finite-difference approximation for (9)–(13) in 3D Cartesian
coordinate system can be obtained.
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Fig. 2. Fields component placement in 3D Cartesian coordinatesystem

Ex

∣

∣

n+1

i+ 1

2
,j,k

− Ex

∣

∣

n

i+ 1

2
,j,k

∆t
=

Hz

∣

∣

n+ 1

2

i+ 1

2
,j+ 1

2
,k
−Hz

∣

∣

n+ 1

2

i+ 1

2
,j− 1

2
,k

ǫ0ǫi+ 1

2
,j,k∆y

−
Hy

∣

∣

n+ 1

2

i+ 1

2
,j,k+ 1

2

−Hy

∣

∣

n+ 1

2

i+ 1

2
,j,k− 1

2

ǫ0ǫi+ 1

2
,j,k∆z

(9)

Ey

∣

∣

n+1

i,j+ 1

2
,k
− Ey

∣

∣

n

i,j+ 1

2
,k

∆t
=

Hx

∣

∣

n+ 1

2

i,j+ 1

2
,k+ 1

2

−Hx

∣

∣

n+ 1

2

i,j+ 1

2
,k− 1

2

ǫ0ǫi,j+ 1

2
,k∆z

−
Hy

∣

∣

n+ 1

2

i+ 1

2
,j+ 1

2
,k
−Hy

∣

∣

n+ 1

2

i− 1

2
,j+ 1

2
.k

ǫ0ǫi,j+ 1

2
,k∆x

(10)

Hx

∣

∣

n+ 1

2

i,j+ 1

2
,k+ 1

2

−Hx

∣

∣

n− 1

2

i,j+ 1

2
,k+ 1

2

∆t
=

Ey

∣

∣

n

i,j+ 1

2
,k+1

− Ey

∣

∣

n

i,j+ 1

2
,k

µ0∆z
(11)

Hy

∣

∣

n+ 1

2

i+ 1

2
,j,k+ 1

2

−Hy

∣

∣

n− 1

2

i+ 1

2
,j,k+ 1

2

∆t
=

−
Ex

∣

∣

n

i+ 1

2
,j,k+1

− Ez

∣

∣

n

i+ 1

2
,j,k

µ0∆z
(12)

Proceeding of International Conference on Electrical Engineering, Computer Science and Informatics (EECSI 2014), Yogyakarta, Indonesia, 20-21 August 2014

501



Hz

∣

∣

n+ 1

2

i,j+ 1

2
,k+ 1

2

−Hz

∣

∣

n− 1

2

i,j+ 1

2
,k+ 1

2

∆t
=

Ey

∣

∣

n

i+ 1

2
,j+1,k

− Ey

∣

∣

n

i+ 1

2
,j,k

µ0∆y

−
Ez

∣

∣

n

i+1,j+ 1

2
,k
− Ez

∣

∣

n

i,j+ 1

2
,k

µ0∆x
(13)

III. R ESULT AND DISCUSSION

There are 4 scenarios of rectangular waveguide that will
be analyzed using 3D-FDTD method; (i) empty or hollow
rectangular waveguide; (ii) rectangular waveguide fully loaded
with isotropic dielectric material (ǫr = 4.5); (iii) rectangular
waveguide fully loaded with anisotropic dielectric material (ǫx
= 4.5,ǫy = 9, andǫz = 4.5); (iv) rectangular waveguide partially
loaded with anisotropic dielectric material (ǫx = 4.5, ǫy = 9,
andǫz = 4.5). The dimension of rectangular waveguide for all
scenarios is 40mm width (a), 20mm height (b), and 100mm
length (d). Whilst the thickness of anisotropic dielectric ma-
terial (t) in the 4th scenario is 10mm. The Gaussian pulse
modulated by continuous wave is applied as an incident wave
to excite the TE10 wave mode. In each scenario, the time-
domain data is picked up through 3 observation points which
are located inside of waveguide, i.e. (20mm, 10mm, 25mm),
(20mm, 10mm, 50mm) and (20mm, 10mm, 75mm).
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Fig. 3. Resonant frequency of empty rectangular waveguide; 1st observation
point (left); 2nd observation point (center); 3rd observation point (right)

By applying fast Fourier transform (FFT), the time-
domain data in each observation point is then transformed
into frequency-domain data to analyze the resonant frequency
response. The result of FFT is plotted in Figs. 3, 4, 5 and 6
for the 1st, 2nd, 3rd and 4th scenario, respectively. To validate
the numerical result obtained from 3D-FDTD method, the
calculation is performed theoretically in which the calculation
results are summarized in Table I with the 3D-FDTD numerical
result tabulated together for comparison.

From the result shown in Figs. 3–6, it is noticeable that
the 3D-FDTD method can accurately analyze the resonant
frequency for rectangular waveguide in all scenarios. However,
the resonant frequency of higher order mode for rectangular
waveguide fully loaded with isotropic dielectric material indi-
cated in Fig. 4 also appears beside the lowest TE10 wave mode.
This is probably evoked by the value ofǫr which is low, i.e.
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Fig. 4. Resonant frequency of rectangular waveguide fully loaded with
isotropic dielectric material (ǫr = 4.5); 1st observation point (left); 2nd

observation point (center); 3rd observation point (right)
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Fig. 5. Resonant frequency of rectangular waveguide fully loaded with
isotropic dielectric material (ǫx = 4.5, ǫy = 9, andǫz = 4.5); 1st observation
point (left); 2nd observation point (center); 3rd observation point (right)
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Fig. 6. Resonant frequency of rectangular waveguide partially loaded with
isotropic dielectric material (ǫx = 4.5, ǫy = 9, andǫz = 4.5); 1st observation
point (left); 2nd observation point (center); 3rd observation point (right)

4.5, while the bandwidth of Gaussian pulse excitation wave is
too wide affecting the excitation of higher order mode. Fur-
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thermore, from Table I, it shows that the 3D-FDTD numerical
results have good agreements with the theoretical calculation
with the discrepancies between them of 0.26–2.32%. The
widest discrepancy, i.e. 2.32%, is produced by the rectangular
waveguide partially loaded with anisotropic dielectric material
which is possibly caused by the discontinuity of material that
occurs in the waveguide. Although it still needs to be proven
by simulation, the discrepancy can be minimized by reducing
the cell size especially in the discontinuity area.

TABLE I. COMPARISON OF THEORETICAL AND3D-FDTD
NUMERICAL RESULTS FOR ALL SCENARIOS

Theoretical 3D-FDTD Discrepancy
Scenario

result (GHz) method (GHz) (MHz) (%)

1st scenario 3.86 3.87 10 0.26

2nd scenario 1.90 1.88 20 1.05

3rd scenario 1.34 1.35 10 0.75

4th scenario 3.01 3.08 70 2.32

IV. CONCLUSION

The analysis of resonant frequency for a rectangular waveg-
uide loaded with anisotropic dielectric material has been inves-
tigated using 3D-FDTD method. The theoretical approach has
also been presented to validate the numerical result obtained
from 3D-FDTD method. To verify the accurateness of 3D-
FDTD method, the resonant frequency analysis of an empty
rectangular waveguide and of a rectangular waveguide fully
loaded with isotropic dielectric material has been numerically
performed and also confirmed with the theoretical approach.
From the result, it has demonstrated that the 3D-FDTD method
has accurately analyzed the resonant frequency of waveguide
structure in which the 3D-FDTD numerical results have coin-
cided with the theoretical calculation results. The discrepan-
cies between theoretical calculation and 3D-FDTD numerical
results were 0.26–2.32% with the widest discrepancy produced
by a rectangular waveguide partially loaded with anisotropic
dielectric resonator. Therefore, it can be concluded that the
3D-FDTD method is very effective to solve electromagnetic
problems for some structure contains anisotropic dielectric
material.
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