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Abstrak 
Struktur berpikir adalah representasi dari proses berpikir yang berupa alur penyelesaian masalah yang dilakukan oleh seseorang ketika ia menyelesaikan suatu permasalahan. banyak siswa yang melakukan Kesalahan dalam menyelesaikan masalah. Salah satu cara yang dapat dilakukan untuk mengatasi kesalahan tersebut adalah dengan melakukan defragmenting struktur berpikir. Penelitian ini bertujuan untuk mendeskripsikan tentang kesalahan struktur berpikir siswa dalam menyelesaikan masalah argumen matematika serta upaya defragmentingnya. Penelitian ini dilakukan pada siswa Kelas X Program IPA pada salah satu SMA Negeri di Pasuruan. Subjek penelitian dipilih berdasarkan tiga kriteria, yaitu tingkat kesalahan rendah, sedang, dan tinggi. Kesalahan struktur berpikir siswa ditelusuri dari hasil think out loud siswa selama proses penyelesaian masalah argumen matematika. Data yang diperoleh kemudian dikodekan dan dijadikan dasar untuk menggambarkan proses defragmenting yang dilakukan. Berdasarkan hasil penelitian dapat disimpulkan bahwa kesalahan prosedural siswa dalam menyelesaikan masalah argumen matematika, yaitu menentukan nilai dari suatu persamaan, membuat bentuk model argumen, dan membuktikan argumen valid. kemudian peneliti melakukan Defragmenting dengan cara memberikan scaffolding untuk memperbaiki struktur berpikir siswa dalam menyelesaikan masalah argumen matematika. (10pt)

Kata kunci: Defragmenting; Struktur Berpikir; Argumen Matematika; Scaffolding. 

Abstract
The structure of thinking is a representation of the thought process in the form of a problem-solving flow that is carried out by a person when he resolves a problem. many students make mistakes in solving problems. One way that can be done to overcome these errors is to defragment the structure of thought. This study aims to describe the students’ erroneous thinking structure in solving mathematical argument and the defragmenting efforts. The students of 10th Grade of high school in Pasuruan, East Java, Indonesia, were involved as research subjects. They were selected based on three criteria, namely low, moderate and high level of procedural error. The activity of ‘think out loud’ was used to observe the errors made by students in solving mathematical argument. The data obtained from this activity were codified and later used as a basis to perform the defragmenting process. Based on the findings of this study, it can be concluded that procedural errors in solving mathematical argument are in the form of error in determining the value of x from an equation, modeling an argument, and proving a valid argument. Defragmenting was done using scaffolding approach to improve students' thinking structure in solving mathematical problems. 
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INTRODUCTION 
Problem solving is a very important component of mathematics curricula because in this process, students might have experience using their acquired knowledge and skills in solving non-routine problems (Das & Chandra, 2013; Bahrudin, Indrawatiningsih, & Nazihah, 2019). As they obtain such new experience and knowledge, it might lead to changes in behavior. Learning mathematics involves reasoning in patterns and traits, mathematical manipulation in making generalizations, compiling evidence, or explaining ideas and statements in mathematics (NCTM, 2000). In term of logic in mathematics, reasoning activities are extensively carried out to state various statements. Reasoning involves abstraction that is included since this activity entails conclusion drawing from one proposition or more. Henceforth, reasoning activity is called argument. Each argument consists of particular statements and further statements that logically accompany those statements (Conner et al., 2014b; Whitenack & Knipping, 2002; Purwanto, 2012; Indrawatiningsih, 2018, 2019). According to Van Ness & Maher (2018) argument is emphasized on making logical relations, reasoning or conclusions between propositions.
In solving problem in the form of argument, students frequently face difficulties in proving an argument. It is mainly sourced from the complexity in turning written words into mathematical symbols (Salma, J., & Sherwin, 2012). Furthermore, such difficulties may lead to errors in proving valid arguments. The mistakes can be made in writing symbols, drawing conclusions, processing and having misconception (Pape, 2012). Based on  (Wibawa et al., 2020) three types of error in solving mathematical problems—namely: conceptual error, procedural error, and technical error—the mistakes often made by most students are categorized in procedural error. 
The results of the preliminary test divulge the fact that most students have not been able to prove valid arguments. It is indicated by their worksheets in which there were many procedural errors in proving valid arguments. These include mistakes in making premises using mathematical symbols, making mathematical model, and making truth tables to prove valid arguments. In addition, they have inadequate understanding about the system of modus ponens, modus tollens, and syllogism in drawing conclusions.
In learning mathematics, the act of thinking is involved since it requires mental activities in doing so. This process is an activity of learning. In fact, learning activities are not merely about listening to the material, writing the material, and doing the assignments, but also mental processes that occur in the mind. Thinking process starts from receiving, processing, and storing data in memory to recalling it when needed  (Jorczak, 2011). Students' thinking processes are determined by the capacity of the thinking structure to a given problem (Wulandari & Gusteti, 2021). The thinking structure is a representation of the thinking process, namely a flowchart of problem solving carried out by a person in resolving a problem. 
In general, procedural error illustrates students’ inability in correlating their knowledge with a problem related to mathematical argument (Bulent et al., 2016). It is the result of the non-conformity between the students’ thinking structure and the given problem (Supiarmo, 2021). One of the solutions to overcome this issue is by defragmenting the thinking structure. In the present study, it is intended to help research subjects in re-structuring their thinking structure. 
Defragmenting the thinking structure is a rearrangement of students' thinking structure in relation with the errors made in solving problems, which can be done through the scaffolding process (Sakif, 2014; Wibawa, Nusantara, Subanji, & Parta, 2018; Subanji & Nusantara, 2018). Scaffolding is defined as the provision of assistance/support for a learner during the initial stages of learning until the learner is able to solve the problems (Anghileri, 2006). The present study aims to provide description about defragmenting the students' thinking structure in solving mathematical argument problems based on the procedural errors made by students. The present study aim to describe students’ erroneous thinking structure in solving mathematical argument and the defragmenting efforts. Two research questions (RQs) have been submitted to meet the research objectives of this study. They are as follows:
1. First research question (RQ1): where the students' mistakes in solving mathematical arguments?
2. Second research question (RQ2): how to defragmenting students' thinking structures in solving mathematical arguments?. 

METHOD 
Data Collection
The present study is quanlitative descriptive study. It aims to systematically analyze and provide facts of a problem (Creswell, 2012). It investigates the errors made by students and formulate how defragmenting students’ thinking structure in relation with mathematical arguments, particularly in arranging valid argument. Primary data were obtained through test and in-depth interview method. Written test contains the problems of mathematical argument. Subsequently, in-depth interview is intended to validate the data (Chick & Mccrae, 2005).

Participation
As many as 36 students of class X nature sciences program of a state senior high school in Pasuruan, East Java, Indonesia, were involved as research subjects. They had studied the material of mathematical arguments and were assumed to recall the material during the research. The selection also considered the procedural errors made by students when solving problems of mathematical arguments and students’ communication skills in order to ease the disclosure of thinking processes. Students were required to solve problems individually by writing out the steps clearly.
Several criteria were set for the selection of research subjects, including: 1) students made one type of procedural error (low level), 2) students made two types of procedural error (moderate level), and 3) students made more than two type of procedural error (high level). The types of procedural error refer to Elbrink (2008). Subsequently, the selected research subjects were interviewed.

Data Analysis
In the resent study, interviews aim to explore and clarify the problems raised by the research subjects. Therefore, an unstructured interview approach was preferred. Students had to ‘think out loud’ by conveying their thinking structure during the problem solving activity. Subsequently, the process of defragmenting the thinking structure of the subjects in association with the procedural errors was carried out using scaffolding approach. Furthermore, data analysis was performed using Miles and Hubberman's flowchart, namely (1) data reduction, (2) data display, and (3) conclusion drawing. The problems of mathematical arguments given to students are presented in below.
Suhu rata-rata bulan lalu adalah 40. Suhu sebenarnya bisa 10  lebih panas atau lebih dingin. 
1. Modelkan situasi ini dengan suatu persamaan nilai mutlak.
1. Gunakan persamaan ini untuk menentukan suhu terpanas dan suhu terdingin. 
1. Dari jawaban a dan b, buatlah argumen valid.

















Translation
Last month, the average temperature was 40. Meanwhile, the actual temperature could be higher or lower by 10. 
1. Model this situation in an absolute value equation.
1. Use this equation to determine the hottest and the coldest temperature.
1. Make a valid argument based on the above answers.














RESULT AND DISCUSSION 
Based on the results of tests that involved 36 students, it can be stated that the majority of students make procedural errors in solving mathematical arguments. Specific number of students in accordance with the level of procedural errors and communication skills is presented in Table 1.


Table 1: Number of Students based on Level of Procedural Error and Communication Skills
	Aspect
	Number of student

	Level of procedural error
	Low
	Moderate
	High

	
	4
	7
	25

	Communication skills
	Good
	Less
	Good
	Less
	Good
	Less

	
	2
	2
	2
	5
	7
	18





Furthermore, three students are determined as research subjects with the criteria: Subject 1 (S1) is student with low level error; Subject 2 (S2) is student with moderate level error, and Subject 3 (S3) is student with high level error. The thinking structure of these subjects in dealing with exponential inequalities as well as the defragmenting process is elaborated below.

The Thinking structure of S1 in Solving Mathematical argument
The differences or changes in student’s thinking structure in solving mathematical argument in the pre- and post-defragmenting process are detailed in Figure 1.
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Figure 1: The Thinking structure of S1 in Pre- and Post-defragmenting



The structure of student’s thinking structure in solving mathematical argument is illustrated in codified boxes with an explanation of each code. This explanation is presented in Table 2.
Table 2: The Codes in the Thinking structure 
	Code
	Description

	M
	Problem

	MS
	Model of situation

	MX
	Value of equation

	P
	Making premises with mathematical symbol

	BM
	Modeling an argument

	MM
	Forming an argument

	PA
	Proving a valid argument

	TK
	Truth Table

	AV
	Valid argument

	Df
	Defragmenting

	SC
	Scaffolding

	

	First step

	

	Second step

	

	Third step



Figure 1 shows the procedural error made by S1. This error is marked by the green code, namely proving an argument (PA), as performed in the third step of proving a valid argument. S1 failed in proving the argument previously made. This argument could not be validated using the truth table. The truth table contained several incorrect points, leading to an error in interpreting the argument. Subsequently, the defragmenting process was carried out to re-structure student’s thinking structure.
During the interview, S1 was inquired about the truth table that revealed the mistake in writing the mathematical symbols as illustrated in Fig. 2. After realizing the mistake, S1 began to get puzzled since the first premise is false, while the second and the conclusion are true. Can such argument be valid? Scaffolding was then given by questioning S1 about the definition of valid arguments. After a few minutes, S1 finally figured out that all valid arguments must be true so that the conclusion is true. The interview with S1 is as follows:
P  : Take a look at your truth table!
S1: Yes Mam, I made a mistake in writing true-false on this table. I was confused to decide whether the argument is valid or not.

Q: What is a valid argument definition ?? (providing scaffolding)
S1: After I read the definition of a valid argument, all premises and conclusions must be true and in the truth table there are correct premises and the conclusions are true.
P : Can you define what valid argument is?? (Scaffolding process)
S1 : I have read its definition, it explains that all premises and conclusions must be true. Meanwhile, in truth table, the premises as well as the conclusion are true



[image: ]At the first step, S1 solved the problem correctly by modelling the situation and completing the equation.
At the second step, S1 made mathematical model and argument correctly.
At the third step, S1 correctly created truth table but the label was incorrect. It should be True, False, False instead of True, False, True.



















Figure 2: S1’s Worksheet.



The Thinking structure of S2 in Solving Mathematical argument
The differences or changes in student’s thinking structure in solving mathematical argument in the pre- and post-defragmenting process are detailed in Figure 3.
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Figure 3: The Thinking structure of S2 in the Pre- and Post-defragmenting



Figure 3 demonstrates S2 made two types of procedural error as marked by green cod, namely PA and BM. The mistakes are identified in the second and third steps, i.e., modeling an argument and proving a valid argument. S2 failed in both modeling the argument appropriately and proving it as a valid one. Despite S2 had successfully made premises with mathematical symbol, the equation was incorrect as illustrated in Fig. 3. Subsequently, defragmenting process was performed to re-structure the student’s thinking structure through scaffolding. It was done by re-examining the forms of argument. After recalling the forms, S2 began to understand how to form arguments. Nevertheless, S2 was confused how to select appropriate form. Second scaffolding was done by giving directions about various forms of argument, namely modus ponens, modus tollens, and syllogism. It aimed to strengthen student’s understanding for finding a solution.
Another mistake was made in the third step at which S2 failed in proving a valid argument. Third scaffolding was done by investigating the approaches used to prove a valid argument. In addition, S2 made a mistake in creating the truth table as it only consisted of one row and each premise and conclusion is all true (Fig. 4). Subsequently, fourth scaffolding was carried out to improve student’s thinking structure by questioning the precise number of rows in the truth table. S2 revised the error by making a correct truth table and filling it with the premises. This revision led the student to find solutions related to valid arguments. The interview with S2 is as follows: 
P  : Explain the steps for modeling an argument!
S2: Make premises and later the model.
P  : Why used the term “and” for the equation?
S2 : Because there were two values of x, namely x= 50 and x=30
P  : Then it means those two values must be substituted simultaneosly in the equation?? (Scaffolding process)
S2 : (Contemplating) No, they cannot. It must be done one by one.
P : Is it logic to use the term “and”? (Scaffolding)
S2 : No, it is not. It should be “or”
.
[image: ]
S2 made a mistake in modeelling an argument. It should be “or” instead of “and”.




Figure 4: S2’s Argument Model 	




The interview with S2 related to the third step taken previously is as follows:
P  : How do you explain your truth table!
S2 : Based on previous argument model, truth table was devised to prove the validity of the argument.
P  : Can you prove its validity from a row? 
S2 : Yes, I can. The table proves the argument is valid since the premises are true and so is the conclusion.
P  : How about adding another row or more? Will it still be valid? (Scaffolding process)
S2 : (Thinking) I think it is likely. But it means my truth table is incorrect.
P : Try to make a factorial tree diagram just like what you learnt previously (Scaffolding process)
S2 : (Making a factor tree) I think I made a mistake, there should be four rows.

Error in making truth table. There should be 4 (four) rows instead of one.

[image: ]


Figure 5: S2’s Truth Table



The Thinking structure of S3 in Solving Mathematical argument

The differences or changes in the student’s thinking structure in solving mathematical argument in the pre- and post-defragmenting process are presented in Figure 6
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Figure 6: The Thinking structure of S3 in Pre- and Post-defragmenting



Figure 6 shows three types of procedural error made by S3 in solving the problem. These errors are indicated by the green code, namely PA, BM, and MX. They are partly identified in the first, second, and third steps, i.e., determining the value of an equation, modeling an argument, and proving valid argument. The error is made by S3 in determining the value of from equation , i.e.,  or  (Fig. 7). The value of from equation  should be  or . In addition, S3 made a mistake in modeling the argument despite the premises were correct (Fig. 8). Consequently, S3 failed in proving a valid argument. The worksheet shows S3 claims the argument is invalid. Therefore, defragmenting aims to re-structure the student’s thinking structure. Ultimately, S3 was posed to verify the worksheet for ensuring the final statement. 
First scaffolding was done by investigating how S3 determined the value of x from the equation. The answer was in line with the worksheet. Second scaffolding was done by identifying the absolute value equation at which S3 realized previous incorrect steps in determining the value of x. Third scaffolding was done by recalling how to model mathematical argument. After a few minutes, S3 recalled that the principles of modus ponens, modus tollens, and syllogism could be applied for this purpose. Furthermore, to prove a valid argument, it turned out the truth table was inappropriate as indicated by incorrect premises hence the argument was invalid. Therefore, fourth scaffolding was carried out by scrutinizing the approach to prove a valid argument. In addition, S3 made a mistake in determining the truth of the premises and conclusions. Consequently, the argument is invalid (Fig. 9). Fifth scaffolding was performed to re-structure the student’s thinking structure by posing questions about the truth table in which S3 realized the erroneous symbols in the table. It led S3 to find a solution for proving a valid argument
[image: ]
















Errors caused by incorrectly modeling arguments such as those made by S2 and S3 can be classified into procedural errors. Procedural errors are the most common types of mistakes that are frequently made by students (A. Karal & Riccomini, 2016). Procedural knowledge plays a second role and becomes a support for conceptual knowledge (Kirshner, 2014). In addition, the most frequent mistakes made by students in logical reasoning and proof lie in proving valid arguments (Lee, Kosze & Smith, 2009;  Indrawatiningsih, 2018). By using truth tables in proving valid arguments, logical reasoning can be improved  (Stylianides & Bieda, 2016; Zazkis & Chernoff, 2015). The majority of students are accustomed to using inductive reasoning but not familiar with valid types of proof. In addition, students are used to neglect the basic principles of mathematical logic in developing theory thus they unsuccessfully prove the theorem correctly (Indrawatiningsih, 2019).
In the present study, defragmenting refers to the experts, including Subanji (2015). The finding of this study reveals that most students experience procedural errors in solving the problems of mathematical argument. They include errors in determining the value of x in an equation, modeling an argument, and proving valid arguments. Students with low level of error are inclined to make mistakes in determining the x value of an equation. They incorrectly make an argument model and it has implications for the failure in proving a valid argument. It is called repair theory error, where students do not actually understand the given problem (Elbrink, 2008). Therefore, students tend to make procedural error (Wibawa et al., 2018). In this context, defragmenting is attempted to improve students' thinking structure through scaffolding approach. It is conducted by questioning the students 
about the information acquired from the problem. According to (Das & Chandra, 2013), this type of scaffolding entails activing prior knowledge by first focusing on what students know and understand. Furthermore, students with moderate and high level of error tend to make mistakes in applying the principles in modeling mathematical argument, i.e., modus ponens, modus tollens, and syllogism. 
Defragmenting for students with moderate and high level of error requires longer and more complex process compared to those with low level of error. In addition to higher number of procedural errors, students with moderate and high level of error have a low conceptual understanding needed to solve mathematical argument (Kirshner, 2014);  Sakif, 2014).

CONCLUSION AND SUGGESTION
[bookmark: _Hlk98577523][bookmark: _Hlk98578849]The present study reveals that in relation with the thinking structure, students mostly make procedural errors. Three types of procedural error are identified, namely: 1) low level: students make one type of procedural error, 2) moderate level: students make two types of procedural error, and 3) high level: students make more than two types of errors. Low level is identified by the inconsistency in proving valid arguments using truth table. Moderate level is identified by incorrect argument model and inconsistency in proving mathematical arguments using truth table. Meanwhile, high level of error is identified when students are incorrect in determining the value of an equation, modeling an argument, and proving a valid argument using truth table. Therefore, defragmentation is carried out to re-structure students’ thinking structure for solving mathematical arguments appropriately. Scaffolding becomes an approach in defragmenting process. It aims to  assist the students for successfully determining the value of an equation, modeling an argument, and proving valid arguments using a truth table. 
The findings of this study can affect the students' thinking structure in solving mathematical problems so was done using scaffolding approach to improve students' thinking structure in solving mathematical problems. In this study, the characteristics of research subject have not been taken into account, particularly in relation with the defragmenting process. Therefore, it is suggested for further similar study to investigate the characteristics of research and their relationship with the findings. In this context, the characteristics can be learning style, cognitive style and personality.
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Abstrak


 


 


Struktur berpikir adalah representasi dari proses berpikir yang berupa alur penyelesaian masalah yang 


dilakukan oleh seseorang ketika ia men


yelesaikan suatu permasalahan. banyak siswa yang melakukan 


Kesalahan dalam menyelesaikan masalah. Salah satu cara yang dapat dilakukan untuk mengatasi kesalahan 


tersebut adalah dengan melakukan defragmenting struktur berpikir.


 


Penelitian ini bertujuan untu


k 


mendeskripsikan tentang kesalahan struktur berpikir siswa dalam menyelesaikan masalah argumen 


matematika serta upaya defragmentingnya. Penelitian ini dilakukan pada siswa Kelas X Program IPA pada 


salah satu SMA Negeri di Pasuruan. Subjek penelitian dipil


ih berdasarkan tiga kriteria, yaitu tingkat 


kesalahan rendah, sedang, dan tinggi. Kesalahan struktur berpikir siswa ditelusuri dari hasil think out loud 


siswa selama proses penyelesaian masalah argumen matematika. Data yang diperoleh kemudian dikodekan 


dan


 


dijadikan dasar untuk menggambarkan proses defragmenting yang dilakukan. Berdasarkan hasil 


penelitian dapat disimpulkan bahwa kesalahan prosedural siswa dalam menyelesaikan masalah argumen 


matematika, yaitu menentukan nilai dari suatu persamaan, membuat b


entuk model argumen, dan 


membuktikan argumen valid. kemudian peneliti melakukan Defragmenting dengan cara memberikan 


scaffolding untuk memperbaiki struktur berpikir siswa dalam menyelesaikan masalah argumen matematika


. 


(10pt)
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;


 


Struktur Berpikir
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Argumen Matematika


;


 


Scaffolding


.


 


 


 


Abstract


 


The structure of thinking is a representation of the thought process in the form of a problem


-


solving flow 


that is carried out by a person when he resolves a problem. many students make mistakes in solving 


proble


ms. One way that can be done to overcome these errors is to defragment the structure of thought


. 


This study aims to describe the students’ erroneous thinking structure in solving mathematical argument 


and the defragmenting efforts. The students of 


10th Gra


de


 


of high school in Pasuruan, East Java, Indonesia, 


were involved as research subjects. They were selected based on three criteria, namely low, moderate and 


high level of procedural error. The activity of ‘think out loud’ was used to observe the errors ma


de by 


students in solving mathematical argument. The data obtained from this activity were codified and later 


used as a basis to perform the defragmenting process. Based on the findings of this study, it can be 


concluded that procedural errors in solving m


athematical argument are in the form of error in determining 


the value of 


x 


from


 


an equation, modeling an argument, and proving a valid argument. 


D


efragmenting was 


done using scaffolding approach to improve students' thinking structure in solving 


mathematical problems


.
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